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Geometricmonodromyis anobstructionfor theglobal existenceof actionvariables.In this
paperwe developasimplemethodfor computingthemonodromyoperatorfor two degreesof
freedomintegrablesystemsnearan isolatedsingularityof the energymomentummap. We
showthat undersomenondegeneracyconditions,themonodromyoperatorcanbedetermined
fromsomelocaldataoftheenergymomentummapatthesingularity.
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1. Introduction

In thelastdecadeor so,therehasbeeninterestin studyingtheglobal structure
of the torusbundledefinedby an integrableHamiltoniansystem.The simplest
problemis to determinewhetheror notthis torus bundleis topologicallytrivial.
It hasbeenshownby Duistermaat[71thattherearetwo obstructionsto thetriv-
iality of this bundle: the monodromyandthe Chernclass.For two degreesof
freedomintegrablesystemsnearan isolatedcritical valueof theenergymomen-
tum map,the only obstructionis the monodromy.It hasbeenprovedfor some
classicalmechanicalsystemslike thesphericalpendulum[4,7], theLagrangetop
[51andtheKirchhoff caseofthemotionof a rigidbodyin aninfinite idealfluid
[2], that the monodromyis nontrivial. However, thecomputationof the mon-
odromyoperatoris aratherdelicatematterandhasalwaysbeencasedependent.
In this paper,we studythe energymomentummap for two degreesof freedom
systemsnearan isolatedsingularity,andshowthatundersomenondegeneracy
conditions,the monodromyof the torusbundle definedby the energymomen-
turn map canbeeasily determinedfrom local dataat the singularity.Ourmain
resultis thefollowing
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Theorem1.1. Letf= (Jj, f2) be an integrableHamiltoniansystemon (M4, w).
Assume

(1) C
1 containsan isolatedpointp= (0, 0).f is singular only at onepoint

x0Ef~(p);
(2)all theregularfibersf—

1(r)for r nearp are diffeomorphicto T2
(3) thereare canonical local coordinates(q

1, q2, Pi, P2) nearx0 in whichfhas
thefollowingnormalform:

f(2a(Pi+P2)_~b(~i+~2)+c(q2Pl_qlP2)+higherorderterms”~(1)
q2p1—q1p2 I’

wherea>O,b>0 andc are constants.
Thenfor anyfixedregular valuer0 nearp andanysimplepositivelyorientated

loop y aroundp connectingr0 to itself the monodromyoperatorh~:H1 (j
1(r

0),
71)—sH1(/ —1 (r0), 7) can be represented,in someappropriatechoiceofbasisfor
Hi(f’(ro),ZL),asthematrix(I ~).

This paperis organizedas follows. In section2,we give somedefinitionsand
introducesomenotations.In section3, we provetheorem1.1. Weshow,by using
the stability theoremfor equivariantmaps,thatf is locally left—right equivalent
to its quadraticpartin thespaceof mapsinvariantunderthe S

1 actiongenerated
by the Harniltonianflow of its secondcomponent.Thenwe usetheEhresmann
fibration,theoremto reducetheproblemof determiningthemonodromyopera-
tor to theproblemof computingthevariationof covanishingcyclefor thesimple
mapw2— z2.Thisvariationcanbecomputedeasilyby usingtheclassicalPicard—
Lefschetztheorem[8]. In section4, we presentexamples[which coverall the
publishedsystemsexhibiting monodromy(~~)]. We also give two examples
wheretheorem1.1 cannotbeapplied.

2. Somedefinitions

Throughoutthis article all themanifoldsareassumedto beparacompactcon-
nectedsmoothmanifolds,andall themapsareassumedtobeC0propermaps.

2.1.THE MONODROMY OPERATOR

Let Mbea smoothmanifoldwith boundary3M (3M maybeempty).LetN be
acontractiblesmoothmanifold.Letf: M-sNbea smoothmapsothat its restric-
tion to 3M, 8f: 3M—sNis a regularmap (if 3M~0, we assumealsothat3M con-
sists of only finitely many connectedcomponents3M

1, ..., 3M,,, and that
8f(3M1)=f(M) for all 1= 1, ..., k.) LetR1(C1) denotethesetof regular(critical)
valuesoff and let r0 be a fixed regularvalue. It follows from the Ehresmann
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fibration theorem[12] that 8fdefinesa trivial fibration,that is, (3f)~(N) is
diffeomorphic to (8f)1(r

0) xN. Fix a trivialization of this fIbration
T: (8f)

1(r
0) X N—s(öf)—

1(N) andchoosean Ehresmannconnection~*‘ com-
patible with T (that is, when restrictedto (8f) —‘(r

0), paralleltranslationof
f ~(r0) with respectto ~‘ isthe sameas thetrivialization T).

Let y Rfbea piecewisesmoothloopbeginningandendingat r0. By parallel
translatingf ‘(r0) alongy, onegetsa smoothmapT~:f ~(r0) —~f— ‘(r0) satis-
fying T1, I (of)- L(r~ ) = identity. Theaction h7of T~on thehomologyH~(f ‘(r0),
7) is calledthe monodromyoperator ofthe loop y. It canbe provedthat h~is
uniquely determinedby the homotopy class of y. The image of h:lrI(Rfi
ro)—sAut(H~(f—‘(r0), Z)) is calledthe monodromygroupof the fibrationwith
respectto r0. SinceT~is the identitymapon (0f) 1 (r0), for anyrelativecycle ö
thedifferenceT~ö—c

5 isanabsolutecycle inf —‘(r
0). Theinducedhomomorphism

var~:H~((f—
1(r

0),(8J)—’(ro)), 7)—sH~(f~(r0),Z),öi-+T7ô—ô,

is calledthe variation operatorofy.

2.2. THEPICARD-LEFSCHETZTHEOREM

Fourour application,let us recall the simplestcaseof the Picard—Lefschetz
theorem.(For a comprehensivetreatmentof this subject,seeref. [8].) Let

M
4={(w, z)eC2: wi + z~<3,,/~,lw2—z2l <2e}

N={yeC: I.vI <2~}.

Thenf=w2—z2:M-sNisa smoothpropermap.All theconditionsmentionedat
thebeginningof this sectionare satisfied.Moreover,R

1=N\0 and for all reRfi
f—

1(r) is a cylinder. Let r
0=e and r(t)=�exp(2~tit).LetA (V) bethe Picard—

Lefschetzvanishing(covanishing)cycle onf
1(r

0). Thenthe variationopera-
tor varyisgivenby thePicard—Lefschetzformula: var~(V) = —A. Moreover,h~is
the identitymap,i.e.,hTA=A.

3. Proofof theorem1.1

Theorem1.1 clearly follows from thefollowing two lemmas.

Lemma3.1.Letf:M~_D2~{(x, y) a P
2, x2+y2 < 4} bea smoothpropermap. Assume

(1)fhasonly onecritical pointx
0eM

4andf(x
0)= (0,0);

(2)forall reD2\{ (0, 0)},f —
1(r) isdiffeomorphicto T2

(3) thereexist local coordinates(ai, q
2,Pi, P2) nearx0 in whichf is represented

as
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(p~+p~—q~—q~ (2)
~,,2(q2p1—q1p2)

Let y(t) = (cos2~rt,sin 2irt). Then the monodromy operator h~is represented as
the matrix (~~)in some basis of H1 (f 1 (1, 0),71).

Lemma3.2. Undertheassumptionsoftheorem1.1, thereexist local coordinates
(q1,q2, pj, P2) nearx0 andan origin preservingd(ffeomorphispnw: p

2....+p2so that
locally

f2j2 2 2\
f=~(P1~P2_~1_~2 ). (3)

\~2(q
2p1—q1p2) J

We sketchthe proofsof thesetwo lemmas.The detailscanbe found in ref.
[141.

Proofoflemma3.1. Let z= q1 +ip2 and w=p~+iq2. Thenin a small neighbor-
hood Uofx0,fcanbe consideredas themapj=w

2—z2:U—+V, whereV~=Cis a
contractibleneighborhoodof OeC.Let r c V be a small simple loop around0
beginningat e.Thenby thePicard—Lefschetztheorem,wehavevarr(V)= —4and
h,4=4. It is clearthatA is oneof the generatorsof H

1(f’ (e, 0), 71). ExtendV
to the othergenerator4~of H1 (f ~‘(e, 0), 7). Write ~1 = V+ V1, whereV1 is a
relativecycle in (f1M4\U)’(e, 0). SinceflM4\U is a regularmap,by the Ehres-
mannfibration theoremit definesa trivial fibration. Thus,we canchoosean
Ehresmannconnectionfor f compatible with the trivial bundle structureof
0f: (0f) ~(D2) —sD2,sothatparalleltranslationoff —‘(e) along i preservesV1.
As a result,we haveh~(A1)=A1—4. Thusin thebasis—A, 4~ofH1 (f (�), 71),
themonodromyoperatorhr is representedby thematrix (~~). Lemma3.1 now
clearly follows.

Before we provelemma3.2, let us first recall some factsfrom the theoryof
equivariantstability of maps.Fora completetreatmentof this theory, seerefs.
[3,10].

Let G bea compactLie group actinglinearly on lR~.It is well knownthat the
spaceof G-invariantpolynomialsis finitely generated.Let Pi Pk be a set of
Hilbertgenerators.By a theoremofSchwarz[11], anyG-invariantsmoothfunc-
tionon P’

2 canbewritten asa smoothfunctionof Pi, ..., .ok•
Let ~(P’2, P1’) denotethe set of G-invariantgermsfrom (P”, 0) to (P1’, 0)

Denoteby Diff~(P’2) the set of G-equivariantlocal diffeomorphismson (P’2, 0)
andby Diff

0 (IP”) the setof local diffeomorphismson (P°,0).Thereis a natural
actionof Diff~(P’2)~Diff0(P~’)on gG(pn P”) definedby (0 ~
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A germfef°(Pa,P”) iscalledstableif its orbitin f’°(P’2, P”) isopen.It is called
infinitesimally stable if f°(P’2, P”) = 5(f)+ (~(f) )1’, where5(f) is the (equi-
variant) Jacobianmoduleoff and.~(f)is themodulegeneratedby thecompo-
nentsoff It is well knownthat theconceptof stabilityandthe conceptof infini-
tesimalstability areequivalent.

Proofoflemma3.2. By assumption3 of theorem1.1, we seethatfis invariant
underthe S’ actiongeneratedby theHamiltonianflow of its secondcomponent.
A set of Hilbert generatorsfor this action is given by X=q~+q~,Y=p~+p~,
Z=2(q,p,+q2p2) andS=2(q2p1—q,p2).There is one relationamongthese
generators,namely4XY=S

2+ Z2.To provelemma3.2, it is enoughto showthat
f is stablein thespaceof S’-invariantsmoothmaps.It isnothardtoseethatthis
assertionis equivalentto thefollowing

Theorem3.3. Themapg= (2T~X) is stable in ~ (P4,P2).

To prove this theorem, we need to check the condition ~Sl(p4, P2)

=5(g)+ (~(g))2 is satisfied.By some elementarycalculations,onecanshow
that5(g) is generatedby

(z\ (o\C
1=,,,0)~ C2=~\z)~ ~. 0 )‘

1 0 \\ (S”~ (Y—X’\e4i~Y+x)~~~~2X)’ ~ s )~
By Schwarz’theorem,everyS ‘-invariantsmoothfunctionis oftheformf( Y+X,
Y—X, Z, S).Onecanshoweasily,by usingtherelation4XY=S

2+Z2, thatfcan
bewritten asf=(Y+X)J,+Z3’

2+F(Y—X, S),where~are S’-invariant func-
tions.Fromthis, it is easyto seethat gSl (P

4 1R2)=5(g) + (~(g) )2 holds. u

4.Someexamples

In this section,wegive afew examplesinwhich theorem1.1 canbeapplied.In
fact, all theknownexampleswith monodromy(~~)arecoveredby theorem1.1.
Wealsogive two exampleswheretheorem1.1 fails.

4,1. EXAMPLESIN WHICH THEOREM1.1 APPLIES

4.1.1.Themotionofa particle in thechampagnebottle. The simplest mechani-
calsystemwhich hasmonodromyisthemotionof apointmassin an51..symmetric

double well [11. The energy momentummap for this systemis given by
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f= (H, L), where

H=~(p~+p~)—(x2+y2)+(x2+y2)2, L=yp~—xp~.

The isolatedcritical pointoff is the unstableequilibrium of theparticlewhich
correspondsto theisolatedcritical value(0,0). It is straightforwardtocheckthat
all theconditionsrequiredby theorem1.1 are met.Therefore,we concludethat
themonodromygroupof thetorusbundleE= (H, L) : P4—sP2is generatedby the
matrix (~?).

4.1.2. The spherical pendulum. Thesphericalpendulumwasthefirst mechanical

systemdiscoveredtohavemonodromy[4,7]. Thephasespacefor this systemis

TS2={(x,y)eP6:x~x=l,xy=0}.

Theenergymomentummapisgivenbyf= (H, L) :T52—sP2,where

H=~(y~+y~+y~)+x
3, L=x2y1 —x1y2.

As in the last example,the isolatedcritical point is the unstableequilibrium
whichcorrespondsto theisolatedcritical value (1, 0). It is nothardto checkthat
all the conditionsof theorem1.1 are satisfiedin the following local canonical
coordinatesneartheunstableequilibrium:

x,y3 —x3y, x2y3 —x3y2
q, =x1, q2 =x2, P, = , P2 =

X3 X3

Hencewe seethat themonodromyoperatorfor anysimplepositiveloop around
(1,0) isgivenby the matrix (I ~).

4.1.3.TheLagrangetop. The Lagrangetop is an axially symmetric rigid body
fixed at a stationarypoint in a uniform force field. Themotionof thebodycan
bedescribed(with somesimplifications)in thefollowing way [9].

Definea bracketon P
6 by putting

{y

1,yf}=e~kyk, {y~,xJ}=e,,kxk, {x,,x,}=0, i,j,k=l,2,3,

andextend{, ‘} to C00(Pe)bytheLeibnizrule. It is easytocheckthat(C~’(P°),
‘, { }) is a Poissonalgebra.Noticethat therearetwo Casimirsfor this bracket,
namely,F1 =x•x andF2 =x~y.TheLagrangetop canbethoughtof asa two de-
greesof freedomsystemonthe symplecticleaf~={(x, y)eP

6:xx=1,xy=b}.
Herewe think of b as a parameter.Physically, b is the totalmomentumof the
body.

Theenergymomentummap for the Lagrangetopisf= (H, L): (9
6—sP

2,where
H= ~(y~+y~+Ay~)+x

3 andL =y~, withA> ~theratiooftheunequalmoments
of inertia.

It canbe shown [5] that for I b I <2, the energymomentummapfhasaniso-
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latedcritical value (h0, l~)= (~Ab
2+ 1, b) andthat theunstableequilibrium is

theonly singularpointoffonf —‘ (h
0, la). Moreover,all theregularlevel surfaces

areT
2. In ordertoapplytheorem1.1, we needto find localcanonicalcoordinates

sothatf= (H, L) is of the requirednormalform.Theselocal canonicalcoordi-
natesaregivenby

1/ bx
2\ 1/ bx1

q1 =x,, q2=x2, Pi = — (\Y2 — ), P~= ~ —x3 1+x3 x3 1+x3

Thus,we seethat for IbI <2, the torusbundlef=(H, L): V,,—sP
2hasmonod-

romyandthemonodromyoperatorcanberepresentedby thematrix (I ?).

4.2. EXAMPLES FOR WHICH THEOREM 1.1 FAILS

Theorem1.1 requires,besidesthe S’ symmetry,the following nondegeneracy
conditions:

(1) the singularvaluesof theenergymomentummapfaredistinct;
(2) thequadraticpartof the local normalform off is stable.

Wheneitherof thesetwo conditionsis not met, theorem1.1 fails. Wenow give
two examplesfor which oneoftheseconditionsis violated.

4.2.1.Themotionofa particle in a degeneratechampagnebottle. Consider the
two Poissoncommutingfunctionson P4

~ f
2=q2p,—q1p2.

Thissystemdescribesthemotionofa pointmassontheplaneunderthe influence
oftheS ‘-symmetricpotentialV= — (q~+ ~ 2 + (q~+ q~)3• As in thechampagne
bottleexample,onecancheckeasilythat thefirst two conditionsof theorem1.
aresatisfied.However,sincethequadraticpart off is unstable(in fact, onecan
showthatfis (2, 1) determinedin ~‘ (X, Y, Z, S) [6,p.63], theorem1.1 cannot
beapplied.Nevertheless,onecanshowthatthis systemhasmonodromyandthe
monodromyoperatorcanberepresentedasthe matrix(~?).

4.2.2.Thesquarepotentialsphericalpendulum.The square potential spherical
pendulum is the motionof a particleon theunit sphereS

2 subjectto a vertical
forcefield of magnitude— x

3. As in thecaseof the sphericalpendulum,themo-
tioncanbedescribedasaHamiltoniansystemonTS

2.TheHamiltonianfunction
isgivenbyH= ~(yf +y~+y~)+ ~ Theotherconstantof motionistheangular
momentumL=x

2 y, —x,y2.
Fortheenergymomentummapf= (H, L), onecancheckeasilythat (h, 1) = (~,

0) is anisolatedsingularvalueoff andthatall the regularlevel surfacesoffare
diffeomorphicto T

2. However,sincefissingularat two distinctpointsonf —‘
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0), thatis, thesingularvaluesof theenergymomentummaparenotdistinct,we
cannotapplytheorem1.1.

By computingexplicitly theactionvariablesfor this system,onecanshowthat
thetorusbundledefinedbyfhasmonodromyandthat themonodromyoperator
canberepresentedasthematrix (~~) (seerefs. [2,13]).

Remark. As a rule, thedegeneracyin thesetwo examplescanberemovedby de-
formations.In the first example,onecan showthata versaldeformationof the
energymomentummap isgivenby [6,p.64]

(~(p~+p~)+v(q~+q~)— (q~+q~)2+(q~+q~)3
q

2p,—q,p2

Forsmallnegativev, theorem1.1 is applicable.Weremarkthat for smallpositive
v,thetorusbundledefinedbyf~alsohasmonodromy.Forthesecondexample,a
smalllinear perturbationof the potentialwill split the singular valueinto two
isolatedones.Foreachof them,theorem1.1 canbeapplied.

To makethis deformationargumentrigorous,onehasto showthat the mon-
odromydoes not dependon the deformation.This will be discussedin a later
paper.

Theideaof computingmonodromyfromthelocal dataofthesingularityofthe
energymomentummapis due to H. Flaschka.Forthis andmanyhelpful com-
mentson improvingthe text, I amverygratefulto him. My thanksalso go to E.
Horozovand R. Cushmanfor their many useful suggestionson the subject.Fi-
nally, I would like tothanktherefereefor pointingout that themonodromydis-
cussedin this paperisa Dehntwist.
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